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TECHNICAL NOTE 2643

SPAN LOAD DISTRIBUTIONS RESUIX’INGFROM ANGLE OF ATTACK,

ROLLDIG, AND PITCHING F(IRTAPERED SWEW33ACK WINGS

W131HEWREAWISE T12S

SUPERSONIC LEADING AND TRAIIJNG EWES

By John C. Msrtin and Isabella Jeffreys

SUMMARY

On the basis of the linearized sup&sonic-flow theory the span load
&Lstributions resulting from constant angle of attack, from steady rolling,
and from steady pitching were calculated for a series of thin sweptback
tapered w@gs with stresmwi.setips ad. with supersonic lea-g and _&ailing
edges. The results are valid for the Mach nmib~ range for which the
Mach line from eith~ wing tip does not intersect the remote half-tig.

The results of the analysis are presented as a series of design
Chsxts. Some illustrative variations of the spanwise distribtiion of
circuktion with the variouE

.
design parameters sre also presented.

INTRODUCTION

.

A lmowledge of aerodynamic spanwise loatig is of great value in
performing aerodynamic calculations. In references 1 to 4 the Unearized
upwash behind a lifting wing is shown to be largely determined by the
spamise loading except for the region close to the trailing edge. It
may also be demonstrated that, except in the vicinity of the trailing
edge, the sidewash velocity component is also largely determined by the
spanwise loadhg. The ah of the present pap= is to determine spanwise
loadings for a series of thin sweptback tapered wings with stresmwise
tips and with supersonic leadhg and hailing edges. These spanwise
loadings can be utilized in connection with the estimation of flow fields
although the results of the analysis my also be applied to problems in
aerodynamic loads and aeroelasticity. .

The spanwise distribution of circulation resulting from a constant
angle of attack was eval-ted chieflj because of the significance of the
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downwash induced by the wing on the horizontal tail surfaces. similarly, ,“I
the spanwise distribution of cticulation resulting from a constant rate
of roll was evaluated principally because of the significance of the
velocities induced by the wing on the tail-surface contribution to
stability and damping. The spanwise distribution of circulation resulting
from a constant rate of pitch was evaluated because of the possible
hportance of the downwash tiduced by the pitching wing on the horizontal
tail surfacds and because the downwash resulting from a pitching wing is
one component of the downwash induced by a wing with a constant vertical
acceleration. (See reference 5.)

This paper presents calculated curves for the spanwise distribution
of circulation (the spanwise distribution of circulation is proportional
to the spanwise loaclbg) resulthg from a constant angle of attack, a
constant rate of roll.,and a constamt rate of pitch. The wings considered
have an srbitraty tap= ratio, leading and trailing edges that are
straight across the semispan and swept at a constant angle, and tips
that are parallel to the free-stream direction. The results are valid
for the range of Mach number for which the leading and trailing edges
are supersonic.

The results of the analysis are given in the form of generalized
equations for the spanwise distribution of circulation resulting from
a constant angle of attack, a constmt rate of roll, and a constant rate
of -pitch. A series of design curves is presented from which rapid
esthation of the spanwise distributions of circulation can be made
for given values of aspect ratio, taper ratio, Mach nuniber,and leading-
edge sweep. Some illustrative variations of the spsnwise distributions
of circulation are also presented.

SYMBOLS

A“ aspect ratio

B=d=”
h &panwise coordinate of intersection of trailtig edge of wing

and Mach line from *g tip

cl section lift ‘coefficient

% pressure-clifference coefficient

c chord (mibscript r refers to root chord)

E mean aerodynamic chord

,1

.

.
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d

e

13(xl)

Q(X,Y), @(x,Y)

H

b

.

3

spanwise coordinate of intersection of trai3Jng edge
of wing and Mach line reflected from wing tip

spanwise coordinate of titersection of trailing edge
of wing and Mach line from leading edge of wing

expression for that part of boundary of area S1

not made q of Mach lties from point (x,y)(see
fig. 3)

limits of integration (see fig. 3)

distance in chord lengths from wing apex to center-.of-
gavity location for wing with a static margin
of 0.05E

wing span

cot Amk=—=
All(l+ x)

cot A AB(l+ A) - 41ilB(l- k)

CC2 spanwise loaQ

M

m

P

J?

v

x, y, z

Mach number ‘

co-tA

defined by equation (6)

rate of roll

rate of pitch “

area of integration .-

free-stream veloc”ity,. ,,

rectangular coordinates (x-aXi’s“parallelto free-
stream &Lrection)

auxiliary rectangular coordinates

angle of attack

spanwise distribution of circulation
equation (2))

(defined by

\
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.

9 velocity Totential on wing wer surface

A sweep of wing leading edge (see fig. 1)

Am sweep of wing trailing edge (see fig. 1)

L taper ratio

$
indicates a closed line integral

subscript:

TE refers to wing trai13ng edge

ANAIXSIS

Scope .

The analysis is limited to calculations of the spanwise distributions
of circulation for wings of vanishingly small thiclmess that have zero

.

c?3atEr. The results me valid for a range of supersonic speeds for
.

which the leading and trailtig edges are supersonic (the components of
free-stream velocity normal to the edges are supersonic). The wing
configurations considered are defined by the information and sketches
given in figure 1. These wings have an sxbitrary taper ratio, stream-
wise tips, and sweptback lead3ng edges, although the trailing edges may
be either sweptback or sweptforward. A further restriction is that the
Mach line from either tip may not titersect the remote half-tig.

Method

Basic considerations.- The evaluation of the spanwise loadings

generally requires ,thelmowledge of the pressure distribution on the
wing surface or the knowledge of the perturbation velocity potential
along the wing trailing edge. These-two quantities are related by the
following expression:

(1)

$. . . . .—_— — ——-—— ———— -——— —. ——–. -—— . —.——— -— -— — —
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The spanwise distribution of circulation is related to the spanwise
loading and the trailing-edge potential by the following equation:

(2)

In the remainhg sections the spanwise distribution of circulation will
be used h preference to the spanwise loading since flow-field calculations
are generally set up in terms of the spanwise distribution of circulation.

Determination of the trail~-edge potential.- The potential

function @ must satisfy the linearized partial-differential equation
of steady flow and the boundary conditions that sre associated with the
wtig in its prescribed motion. The boundary conditions on a w5ng performing
the motions considered here are:

For a constant angle of attack, /

92 = -av
. For a constant rate of roll,

f$z= -w

(z = o) (3)

(z = o) (3)

For a constant rate of pitch,

$2 = .~ (z = o) (3C)

Note that, within the fruework of the linearized theory, the boundary
condition for a ~ with a constant rate of roll is also the boundary
condition for a w@ which has a l@ear lateral twist and that the
boundary condition on a wing with a constant rate of pitch is also the
boundary condition on a wing which has linear camber.

The potential along the wing trailing edge can be deterndnedby
Eward~s method (reference 6). From this reference the potential at
any petit on the upper surface of the wing may be expressed as

i

J-TJ

$Z
@(x)y) =-~ ~1 q (k)

n ‘1 (x - X1)2 -B2(Y - D)2

.— .—— . ..__— —.. . .. —___ —.–--— ——— —— ———. —-—--— J,,
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The area of integration S1 is the area of the wing ph form tithti

the “effective” forwardMach cone Yrom the petit (x,Y)”. Fi~e 2 shows
such a region of integration. For the motions of the wing considered
herein, the potential on the wer surface of the wing maybe obtained
by substituting equations (3) tito equation (4) and performing the
indicated titegations.

The evaluation of the inte~als involved in finitlmgthe potential
can, however, be shplified by ~ we of we we~-wo~ re~tion
(reference i’,p. 181)

J @(q,Yl).,. dlq d-y,= - &’(x,,Y,) W, ~

Rrom a comparison of

seen to be given by

(5)
~Yl d

—

equations (4) and (5) the function P(xl,Y1) is

(,’,’
$Z

P(xl,yl) = - * dy~

(X - X1)2 - B2(y - ~)2

(6)

Hencej from equations (3), (k), (5), and (6) the potential on the wp=
surface of a wing is as follows:

For a constant angle of attack,

For a constant rate of roll,

(7) ‘

1-lB(Y -XL) ~1

(X- X1)2 -B2(y-Y~)2+Y Sin ~-x

1

.. (8)

n
,

.—

.
.

.
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For

The
the
for

For

a constant rate of pitch,

$&y) .S
$

-lB(Y - ~) ~1

Ja3s1~sti .-.1
(9)

line integrals in equations (7) to (9) along the Mach lines from
.

petit (x,Y) can be easily evaluated. The folluwing expressions
tie potentials are obtained:

a constant angle of attack,

[
9(X,Y) = ~ 2x - gl(x,y) -

2B
.2,X,YI] +:’-’-’:) sKIB~x--g:~ dq

.

For a constant rate of roll,

9(X,Y) = g [~ - g-J(x,Y)- 132(x,Y)l+
L J

P
q2(4

z J {J
(x - x& -

Q(x) ~ ‘2[Y - ‘(X1!2+

For a constant

-1
y sin

x - xl 1
rate of pitch,

ax,

(lo)

(1.2)

(II)

●
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where g(xl) is the expression for that psrt of the boundary of the

area S1 that does not contain the Mach lines from the point (x,y),

and where gl(x) and g2(x) are the limits of integration which are

actually the end potits of the g(xl) boundsry. (See fig. 3.) Note

that eqwtions (10), (U), and (1.2)are applicable to any plan form to
which E&vard?s method can be applied. Since there are no singularities
in the titegrands of these eqyations they can be evaluated numerically
without Ufficulty.

ItlHJLTs

Expressions for the trailing-edgepotentials were either taken
from table I of reference 8 or found by the use of equations (10), (U),
and (12). The spsmdse distribution.of circulation was expressed as a
function of y by.stistitutingthe equation for the trailing edge into
the expressions for the potential &fference between the upper and lower
surfaces of the wing. These expressions for the spanwise distributions
of circulation are presented for constant angle of attack in table 1,
for constant rate of roll in table II, and for constant rate of pitch
h table III. The formulas sre valid for either sweptforwaxd or swept-
back trailtig edges, the proper applications depending on the sign of k.

“

“

The results of the calculations for the spahwise &Lstribution of
circulation for w3ngs with a constant angle of attack are presented in
figures 4 to 9. An index of these figures is given h table IV. Similar
results for constant rate of roll are plotted in figures 10 to 15 and
for constant rate of pitching about the ~ apex in fi~es 16 to 21,
with hlexes of figures for the two types of mothne listed in tables V
and VI. These figures sre equally applicable for sweptback or sweptforward
trailing edges.

The results of the calculationspresented in figures 16 to 21 are
for wings pitchtig about theti apex. The spsmtise distribution of
cticulation for a w3ng pitchtig about an srbitrary point located a
distance xd downstream of the wing apex is given by

(13)

where the subscript q tidicates the spanwise distribution of circulation
associated with a pitcldng wing and the mibscript a tidicates the
spanwise distribution of circuJ.ationassociated with a wing at a constant
angle of attack.

-.

..— — -——— —— .— —..
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Note that,
several lifttig

M the total cticulation of a wing is divided smong
khes, the distribution of circulation associated with

each lifting l~e cm-be determined by the superposition of the &lstri-
butions of circulation associated with a number of wings. For this
reason the calculations were extended to rather large values of the
parameter AB.

Figures 4 to 21 indicate that in many cases the spanwise distribution
of circulation can be approximated very closely by WWple curves. Thus
it is to be expected that for these cases the flow field behind the
wings coul.dbe calculated approximately.by making use of these simple
curves that approxhate the actual spanwise distribution of circulation.

Illustrative curves of the spanwise distribution of circulation for
wings with a constant angle of attack, a constant rate of roll, anda
constant rateof pitch are presented in figures 22, 23, and 24,
respectively. ~ figure 24 the values presented were calculatedly
equation (13) for center of gravity located to provide a static margin ‘-
of 0.0~5. These figures show the effect on the spanwise distribution
of circulation of varying each of the parameters - aspect ratio, taper
ratio, Mach number, and leading-edge sweep - separately. Some specific
variations of the spanwise distribution of circulation with the position
of the axis of pitch me presented in figure 25.

CONCLUDING REMARK

On the basis of the steady linearized supersonic-flow theory the
spanwise distribution of circulation resulting from constant angle of
attack, from steady rolling, and from steady pitching was determined
for a series of thin sweptback tapered wings with streamwise tips and
with supersonic leading and trailing edges.

\

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics

Langley Field, Vs., October 24, 1951
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TAB~ I.- CIWUIATIOE 2XFEESSICEIS FOR CfJH&T.ARTAH131E OF ATTACK - Continued
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>

b\
‘\ \ \ \ /

‘><
/

0 \ b/2
h e

h AB(l + L)(BM+ 1) - @
~“ EaB(l + x)

A. 4
b/2 M(1 + ~)

__.—_ . . .. . __ _ .—— —
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T#Br2 L- ~07(-S91W9kW(IX3m AI?O18WATlWK-Concluded

h AB(l+A)-4
m“ AB(l+k)-ql -1)

.
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TABLE II.- cImmA!rIoN ExPmMIcEm FmcomTAm!RmEo F EuLL

.

—-—-. . .

h @B(l + x) - q
~= AB(l +A)(k +1)

\
0

\

/
/

R8nge of :
~reeelcm for circulaticm along the spn; Mach

b/2 line coincident with leading edge

h @(b/2)2
o~$z~v 1

#)--?&+8kAB(l+L)*+16k2-$
3TCAB(1+ A)V

~s L$l W&y&(l - *)
b/2 b/2 -=+m:+,~~pfi)~(l+k) +n:+,J

h k~(l + A)(Bu + 1) - 4mlJ—.
b/2 AB(l + A)(mk + 1)

\
d

/
2w[@(l + L) - ZJ

/ IZ” AB(l+L)(EW+l)

Bxpreasim for circulatlca along the spn;
Rmge of b=2 Msch line intersecting tip

[ ‘9’

2p(b/2)2 - y 1- B%%2) + h 2+
16B%-W ~

kfl(B%# - 1) b/2~(b/2) AI!(1 + A) b/2 A%2(1 + A)*

- ([

~~& , -&.@ - k)(=%k- 1 -k) +h~~k; l~&-

16E?MW

] {[ ‘1
-1AB(l+A)(1-B&k)b++hmko~L~A

b/2 b/2
~cos BmAB(l +L)(l - k)%+ hJuIQ] -

[
(1 + k)(-2B?m% + k - 1)* - -(B%% + 1) Y—-

(b/2)2 AB(l + x) b/2

.

i{
}1 ,

AB(l + L)(1 + B%%= + 4mBk
16B%-2 -1COB b/2

A2B2(1 + L)
[ 1IWAB(l+A)(l+k)~+ b=

b/2 1

-
.“ ‘-+w’-’

__. . .... __. —.. —- .— .—. .— — ———.
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mPJxn.- cE=ImrwKrF2m2IoE2 Pm caHwm2brE oFRoLL-cmtinnd

-Of$ Expremlcm for ci.rmlatim almg * p;
Mach line Inta-aectingtip

2p(b/2)2

[+

1

‘ +2(w%a#)+~z+ ~ (B2m2.1)-

kx(Bw - 1)3/2
bj (b/2) AB(l + A) b/2 A2E12(I+ X)2

[
[

1 ~l+k)(-23%%+k-1)-h~~Aj l)fi-
= (b/2)2

M2%%?

] [[

cm-l

7
m(l+A)(B%%+lb’2 + k

+_&l-k)(#k -l-k)+
A%’(l + X) (b/2)2

][2a AB(l+l)(l+ k@+-.
b/2

1({ }
X3(l+k)(l+wk- 1)*- 4&k

h<y<d 6mk(B?A - 1) Y I.Q%?#

@“m”m
--1

A2(l + a) ~ - A%?(1 + X)2 E@l+A)(L- k~+kmi] -

r 11-

-1 (l+k)(l +k+=)b~+bmW?kAB (l+ A)(=+l)
C*

AF@+L)(l-k~+4rEk

b

1 = 3k+l+knB-m-2#B%+
&Ek(&l + 1)

+(Zk-4##k-
% 12 A2(l - A)

aE2) (Em + 1)

Y{ 1}
--&#l+Eak) +~~a+k+ 2mIQ+~+~-k-~

~(b/2)2

([

~l+k)(=%%+l-k)+m~~k; l)-&+
sk?(F%2 - 1)~2 (V+)

H

162%%2 --1 1AB(l+x)(ak +l.. k~.. z@l+ L)(m-l)+4n2k
+

A%?(l + A) AB(l+ L)(I+k~+ ~

d<~~l
~ “ b/2

T
y*-m+l-m--+=w +(-a +41?#k -2&k)-

lf {4m2k(JlmB-1) 9

[
Ba-1)----4+mk)+L - ~- 1 })

hm +k-=
AB(l+x) k+2dTc+l+—

(b/2)2 b/2 A2(l + A) AI!(1+ x)

-
.

.

.

——. — ——
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+4
-\ /-\ /

0 ‘>”
/ \ b/2
h e

e &u
z“ A2(l+ Aj(w - 1)

Expmdcmf orcircnlatialalalg theSpsn;hcilllmhcmtal—btandng
~dsa~ intwmd@ Mchlilmfrcm tip

9
k-l~-

{b/2)

\

~ {[

lm%w --1 1A2(l+k)(l..#k)&+4m

Awl + A)2
- (l+k)(-22%%

][YaA2(l+A)(l - k)++ ~

~ {[

6mk(* + 1) y I.!&# ~q

1

‘(l+ A)(l+**+*
M(1 + A) ~-&#(~+x)

1BmAB(l+l)(l+kL+X
b/2

@(b/2)2

II
L

-$ *1-*+==+ 11-22(2%%)-
X8(2%2 - 1)~2 D(l + X) b/2 Awl + A)

1L& =@l+k)(-2&#k +k-l)-w~~L; l~-&- .

] {[

162%w --~

}[

A20+w#k+l&+bm
+=@l-k)(2E%%-l-k)+

A2B2(1+ A)2
mAB(I + L)(I+ k%+ x]

(
d {[

&k(E%l - 1)r 162%%? ~a

}

AB(l+A)(*-l)&-&kB

AM +x) ~ - &~l + ~)
Rd2(.+wk%+ti] -

[
—l-

A2(l+L)(l +k*alR)-&+wm-aA2(l +l)(M+l)

am-’

AB(l+L)(l-k~+Mk

r-L(m+l+ --am-awk)+-(p+; l)+(2k-4222k-
* bj2

-c l-j~l+Bzk).+ y -~+k+~+l +-&&k -2zk
(b/2)2 b/2 A2(l+ A) J

-.. — —— ——..— .—— — ———— —- -—— -———— -———— -—
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-%% ~ ~ ~ ~tietiingfichMm riwntip

p(b/2)2

[
+ *(1 - k)(2B%#k -1- k) + ‘~:x~ 1) ; -

k%(B%2- 1)3/2 (b/2)

16B%aF

u

AB(l+X)(l +k+M!k)&+4m --(l+ L)(W+l)
--1

A%(1 + X)2 AB(l + 1)(1 - k)-& +4mPL 1-
+%=

[
My
yb*m+l+ --2d%-2aRk)+ ~[:=y+2A&B%-

11 [
[

2M% (m+l&2&(l+=)+_&-m~ ~,
1

4mF&
+k+~+ +

g
~- k-m

Q?

\ 4mEk

\ $5” AB(l + k)(w - 1)
\

\ //
\

\
o /’

h k~m(l + L)(M + 1) - 4~1
\/ b/2

“e /h
~“ AB(l + A)(i%k + 1)

Y Expmmlicmfar airculatica along the qmrl; math line
-of~ from center intersecting trailing edge

[~

2p(b/2)2 y #
1-B-)+ 8My 16B%42

kx(B%2 - 1) -ma
—+ +

M(1 + N b12 *2B2(1 + ~)2

1

(!
1- k)(2K%%- 1- k)+ ‘~~k; 1) _&-

=~~ (b/2)2

0%%

{ }

AB(l+X)(l - B%%) y + hmEk
A-}W-l ~E,, , ~,(1 - k~+ -I - [al+ k)(-* + k -1, -

b/2

~ {E

*(B* + 1) Y 16B%%# --l

711

AB(l+L)(l+Bwk)by2+hl!kAB(l+a)=-A*(1 + L) h (1 + L)(l + k)b~ + km]

e<y<h P(b/2)2
~“~nb~

[ 1
+(1 -k)(Z3%% -1- k) + ‘;~A; 1) * - A%:~2

k2(lf# - 1)3/2 (b/2)

.

.— —

‘+&$=-
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TABLE II. - CDEXJMTICWEDlE291~S FOBCCBW?AMTB&T2OFROIL- Ccattiei

F@4m0f~ ExpreeBicmfor drail.atlonalong the span; MachMm
b/2 frm center Intersecting trailing edge

p(b/2)2

3([

9 (1-1@%%s-1-k)+
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Figure 9.- The distribution of circulation along the span for wings at

a cons-t angle of attack with k ~ 1.00.
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(b) Variation with aspect ratio. “M= 1.53; A= m“; A =0.5.

Figure 22. - Some illustrative &.riations of the distribution of the
circulation alo~ the span with Mach number, aspect ratio, sweep-
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Figure 23.- Some illustrative variations of the distribution of the
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Figure 24.- Some illustrative variations of the distribution of the
circulation along the span with Mach number, aspect ratio, sweep-
back, and taper ratio for wings with a constant rate of pitch.
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Figure 25.- Some illustrative variations of the distribution of the
circulation along span with the position of the axis of pitch for
wings with a constant rate’of pitch.
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